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Book I of the Elements, a stage in the 
shaping of deduction in Greek Geometry, 
begins with the essential preliminary matter 
classified under the headings Definitions, 
Postulates and Common Notions. 

. 

Many of the Definitions are open to criticism 
on one ground or another. 



The first six definitions are: 
1. A point is that which has no part. 
2. A line is breadthless length. 
3. The extremities of a line are points. 
4. A straight line is a line which lies evenly with the 

points on itself. 
5. A surface is that which has length and breadth 

only. 
6. The extremities of a surface are lines. 



Common notions are propositions of logic, which 
guarantee that certain conclusions follow. 

Common Notions 
1. Things which are equal to the same thing are 

also equal to one another. 
2. If equals be added to equals, the wholes are 

equal. 
3· If equals be subtracted from equals, the 

remainders are equal. 
4· Things which coincide with one another are 

equal to one another. 
5· The whole is greater than the part. 



POSTULATES 
 

1. To draw a straight line from any point to any 
point. 

2. To produce a finite straight line continuously in a 
straight line. 

3. To describe a circle with any center and 
distance. 

4. That all right angles are equal to one another. 
 

and 



5th Postulate 
That, if a straight line falling on two straight lines 
make the interior angles on the same side less 
than two right angles, the two straight lines, if 
produced indefinitely, meet on that side on which 
are the angles less than the two right angles. 

Definition 23 
Parallel straight lines are straight lines ·which, 
being in the same plane and being produced 
indefinitely in both directions, do not meet one 
another in either direction. 



Alternatives for Postulate 5· 
(1) Through a given point only one parallel can be drawn to a 

given straight line or, Two straight lines which intersect 
one another cannot both be parallel to one and the same 
straight line. 

(1a) If a straight line intersect one of two parallels, it will 
intersect the other also (Proclus). 

(1b) Straight lines parallel to the same straight line are 
parallel to one another. 

(2) There exist straight lines everywhere equidistant from 
one another (Posidonius and Geminus) 

(3) There exists a triangle in which the sum of the three 
angles is equal to two right angles (Legendre). 

(4) Given any figure, there exists a figure similar to it of any 
size we please (Wallis, Carnot, Laplace). 



(5) Through any point within an angle less than two-thirds of 
a right angle a straight line can always be ·drawn which 
meets both sides of the angle (Legendre). 

With this may be compared the similar axiom of Lorenz: 
Every straight line through a point within an angle must meet 
one of the sides of the angle. 
(6) Given any three points not in a straight line, there exists 

a circle passing through them (Legendre, W. Bolyai). 
(7) “If I could prove that a rectilinear triangle is possible 

the content· of which is greater than any given area, I 
am in a position to prove perfectly rigorously the whole 
of geometry” (Gauss, in a letter to W. Bolyai, 1799). 

(8) If in a quadrilateral three angles are right angles, the 
fourth angle is a right angle also (Clairaut, 1741). 



From the very beginning, as we know from Proclus, 
the Postulate was attacked as such, and attempts 
were made to prove it as a theorem or to get rid 
of it by adopting some other definition of parallels. 

(9) If two straight lines are parallel, they are figures 
opposite to (or the reflex of) one another with respect 
to the middle points of all their transversal segments 
(Veronese, 1904). 



Proclus states very clearly the nature of the first 
objections taken to the Postulate. 
“This ought even to be struck out of the Postulates 
altogether; for it is a theorem involving many difficulties, 
which Ptolemy, in a certain book, set himself to solve, 
and it requires for the demonstration of it a number of 
definitions as well as theorems. 
And the converse of it is actually proved by Euclid 
himself as a theorem. 
……………………………………………………………………………………………………………. 
For the fact that some lines exist which approach 
indefinitely, but yet remain non-secant (asymptotes), 
although it seems improbable and paradoxical, is 
nevertheless true and fully ascertained with regard to 
other species of lines. May not then the same thing be 
possible in the case of straight lines which happens in the 
case of the lines referred to? 



It is then clear from this that 
we must seek a proof of the present theorem, 
and that 
it is alien to the special character of postulates.  
But how it should be proved, and by what sort of 
arguments the objections taken to it should be 
removed, we must explain at the point where the 
writer of the Elements is actually about to recall it 
and use it as obvious. 
It will be necessary at that stage to show that its 
obvious character does not appear independently of 
proof, but is turned by proof into matter of 
knowledge. 



Ptolemy’s proof 
Ptolemy tries to prove proposition 29 of the 
first Book of the Elements (the first sentence 
in the Elements proved with the use of the 5th 
postulate) without using it, and then deduces 
the Postulate from it. 

29th proposition: 
A straight line falling on parallel straight lines makes 
the alternate angles equal to one another, the exterior 
angle equal to the interior and opposite angle, and the 
interior angles on the same side equal to two right 
angles. 



His proof as described by Proclus: 
For it is necessary that the line cutting the 
parallel lines make the interior angles in the same 
direction either equal to two right angles or less 
or greater than two right angles. 
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Let AB and CD be parallel lines, and let GF fall upon them. I say 
that it does not make the interior angles in the same direction 
greater than two right angles. 
For if angles a and b are greater than two right angles, the 
remaining angles, c and d, are less than two right angles. 
But these same angles are also greater than two right angles; for 
AF and CG are no more parallel than FB and GD, so that if the 
line falling on AF and CG makes the interior angles greater than 
two right angles, so also does the line falling on FB and GD make 
the interior angles greater than two right angles.  
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But these same angles are less than two right angles (for the 
four angles a, b, c, and d are equal to four right angles),which is 
impossible. 
Similarly we can prove that the line falling on the parallels does 
not make the interior angles in the same direction less than two 
right angles. 
If, then, it makes them neither greater nor less than two right 
angles, the only conclusion left is that the line falling on them 
makes the interior angles in the same direction equal to two right 
angles. 
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Those who say it is impossible 
Taking two straight lines AB and CD and line AC falling upon them 
and making the interior angles less than two right angles, they 
think they can demonstrate that AB and CD do not meet. Let AC 
be bisected at E, and let a length AF equal to AE be laid off on 
AB, and on CD a length CG equal to EC. It is clear that AF and 
CG will not meet at any point on FG; for if they meet, two sides 
of a triangle will be equal to a third, AC, which is impossible. 

A 

C 

F 
B 

E 

G 
D 



Again let tine FG be drawn and bisected at H, and let 
equal lengths be laid off. 
These likewise will not meet, for the same reasons as 
before. 
By doing this indefinitely, drawing lines between the 
non-coincident points, bisecting the connecting lines, 
and laying off on the straight lines lengths equal to 
their halves, they say they prove that lines AB and CD 
will not meet anywhere. 
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Proclus’ proof 

Proclus’ demonstration rests upon a proposition used 
by Aristotle in establishing the finiteness of the 
cosmos: 
“The distance between two points upon two 
intersecting straight lines can be made as great as 
we please, by prolonging the two lines sufficiently”. 
Having proved this, he demonstrates the proposition 
as a consequence of it: 



“Let AB and CD be two straight lines and EF falling 
upon them and making angles a and b less than two 
right angles. I say that the straight lines will meet in 
that direction in which are the angles less than two 
right angles. For since angles a and b are less than two 
right angles, let angle c be equal to the excess of two 
right angles over them, and let HE be produced to K.  
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Then since EF falls upon KH and CD and makes the 
interior angles equal to two right angles namely, HEF 
and DFE, HK and CD are parallel straight lines. And AB 
cuts KH; it will therefore cut CD, by the proposition 
just demonstrated. AB and CD therefore will meet in 
that direction in which are the angles less than two 
right angles, so that the proposition before us bas been 
demonstrated”. 
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According to the Arabian Commentary of Al-Niritzi, 
Simplicius had written an Introduction to the First 
Book of Euclid, in which he expressed ideas similar to 
those of Geminus and Posidonius, affirming that the 
Fifth Postulate is not self evident, and bringing 
forward the demonstration of his friend Aganis. 

This demonstration is founded upon the hypothesis that 
equidistant straight lines exist, and Aganis calls these 
parallels. 

5th postulate can then be proved easily. 



Nasȋr-Eddȋn [1201-1274], although in his proof 
of the Fifth Postulate he employs the criterion 
used by Aganis, deserves to be mentioned for 
his original idea of explicitly putting in the 
forefront the theorem on the sum of the angles 
of a triangle, and for the exhaustive nature of 
his reasoning. 



The essential part of his hypothesis is as 
follows: If two straight lines r and s are the 
one perpendicular and the other oblique to the 
segment AB, the perpendiculars drawn from s 
upon r are less than AB on the side on which s 
makes an acute angle with AB, and greater on 
the side on which s makes an obtuse angle 
with AB. 
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It follows immediately that if AB and A’B’ are two equal 
perpendiculars to the line r from the same side, the line AA΄ is 
itself perpendicular to both AB and A΄B΄ .  Further we have AA΄= 
BB΄ and therefore the figure AA΄B΄B is a quadrilateral with its 
angles right angles and its opposite sides equal, i. e., a rectangle. 
From this result Nasȋr-Eddȋn easily deduced that the sum of the 
angles of a triangle is equal to two right angles. 
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J. Wallis (1616-1703) abandoned the 
idea of equidistance, employed without 
success by the preceding mathematicians, 
and gave a new demonstration of the 
Fifth Postulate. He based his proof on 
the Axiom: To every figure there exists a 
similar figure of arbitrary magnitude. 



Let a,  b be two straight lines intersected at A,  B by 
the transversal c. Let α, β be the interior angles on 
the same side of c,  such that α + β is less than two 
right angles. Through A draw the straight line b' so 
that b and b' form with c equal corresponding 
angles. It is clear that b' will lie in the angle 
adjacent to a. 
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Let the line b be now moved continuously along the 
segment AB, so that the angle which it makes with c 
remains always equal to β. Before it reaches its final 
position b' it must necessarily intersect a. In this way 
a triangle AB1C1 is determined, with the angles at A 
and B, respectively equal to α and β. 
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But, by Wallis’s hypothesis of the existence of similar 
figures, upon AB,  the side homologous to AB1,  we must 
be able to construct a triangle ABC similar to the 
triangle AB1C1. This is equivalent to saying that the 
straight lines a,  b must meet in a point, namely, the 
third angular point of the triangle ABC.  
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Gerolamo Saccheri (1667-I733) 
The greater part of the work of Gerolamo Saccheri is 
devoted to the proof of the Fifth Postulate. Saccheri 
used a particular method of reasoning, already used by 
Euclid, according to which by assuming as hypothesis 
that the proposition which is to be proved is false, one 
is brought to the conclusion that it is true! 

Adopting this idea, Saccheri takes as data the first 
twenty-six propositions of Euclid, and he assumes as a 
hypothesis that the Fifth Postulate is false. Among the 
consequences of this hypothesis he seeks for some 
proposition, which would entitle him to affirm the truth 
of the postulate itself. 



The fundamental figure of Saccheri is the two right-
angled isosceles quadrilateral; that is, the 
quadrilateral of which two opposite sides are equal to 
each other and perpendicular to the base. 
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D C 



The properties of such a figure are deduced 
from the following Lemma, which can easily be 
proved: 
If a quadrilateral ABCD has the consecutive angles A 
and B right angles,  and the sides AD and BC equal,  
then the angle C is equal to the angle D; but if the 
sides AD and BC are unequal,  of the two angles C,  D,  
that one is greater which is adjacent to the shorter 
side,  and vice versa.  
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Let ABCD be a quadrilateral with two right angles A 
and B, and two equal sides AD and BC. On the 
Euclidean hypothesis the angles C and D are also right 
angles. 
Thus, if we assume that they are able to be both 
obtuse, or both acute, we implicitly deny the Fifth 
Postulate. Saccheri discusses these three hypotheses 
regarding the angles C, D . 
He named them: 
 

The Hypothesis of the Right Angle 
 angle C = angle D = 1 right angle 

 
The Hypothesis of the Obtuse Angle 
angle C = angle D > 1 right angle 

 
The Hypothesis of the Acute Angle 
angle C = angle D < 1 right angle 



According as the Hypothesis of the Right 
Angle, of the Obtuse Angle, or of the Acute 
Angle is true in the two right-angled isosceles 
quadrilateral, we must have AB = CD, AB> CD, 
or AB< CD, respectively. 

According as the Hypothesis of the Right 
Angle, the Hypothesis of the Obtuse Angle, 
or the Hypothesis of the Acute Angle, is 
found lo be true, the sum of the angles of a 
triangle will be respectively equal to, greater 
than, or less than two right angles. 



On the Hypothesis of the Right Angle and on 
the Hypothesis of the Obtuse Angle, a fine 
perpendicular lo a given straight line and a line 
cutting it at an acute angle intersect each 
other. 

The Postulate of Archimedes, of which use is 
here made, includes implicitly the infinity of 
the straight line, and is not valid in projective 
geometry. 



So, it is now possible to prove that: 
 
The Fifth Postulate is true on the Hypothesis of the 
Right Angle and on the Hypothesis of the Obtuse 
Angle 

This result allows Saccheri to conclude that 
the Hypothesis of the Obtuse Angle is false 

He, now, has to destroy the Hypothesis of 
the Acute Angle.  



To begin with he shows that on the hypothesis of 
the acute angle, a straight line being given, there 
can be drawn a perpendicular to it and a line cutting 
it at an acute angle, which do not intersect each 
other 
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On the hypothesis of the acute angle there is possible 
to exist to straight lines, which do not intersect and 
have no common perpendicular. 

then these lines must be asymptotic to each 
other 

On the Hypothesis of the Acute Angle, there 
exist in the pencil of lines through A two lines 
p and q, asymptotic to b, one towards the 
right, and the other towards the left, which 
divide the pencil into two parts. The first of 
these consists of the lines which intersect b, 
and the second of those which have a common 
perpendicular with it. 



If the Hypothesis of the Acute Angle were 
true, the lines p and b would have a common 
perpendicular at their common point at infinity, 
which is contrary to the nature of the straight 
fine. 

The so-called demonstration of Saccheri is 
thus founded upon the extension to infinity of 
certain properties which are valid for figures 
at a finite distance. 



Johann Heinrich Lambert (1728-I777) 

Lambert’s fundamental figure is a quadrilateral with 
three right angles, and three hypotheses are made as 
to the nature of the fourth angle. The first is the 
Hypothesis of the Right Angle; the second, the 
Hypothesis of the Obtuse Angle; and the third, the 
Hypothesis of the Acute Angle. Also in his treatment 
of these hypotheses the author does not depart far 
from Saccheri’s method. 



A remarkable discovery made by 
Lambert has reference to the 
measurement of geometrical magnitudes. 
It consists precisely in this, that, whilst 
in the ordinary geometry only a relative 
meaning attaches to the choice of a 
particular unit in the measurement of 
lines, in the geometry founded upon the 
third hypothesis, we can attach to it an 
absolute meaning. 



Indeed the majority of people have not 
clear ideas upon the questions of which 
we are speaking, and I have found very 
few people who could regard with any 
special interest what I communicated to 
them on this subject. To be able to 
take such an interest it is first of all 
necessary to have devoted careful 
thought to the real nature of what is 
wanted and upon this matter almost all 
are most uncertain. 
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