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The discovery of conic sections is ascribed to 
Menaechmus. He tried to solve the problem of the 
duplication of cube using Hippocrates’ discovery that 
this problem can be reduced to the problem of finding 
two mean proportional in continued proportion 
between two given straight lines. Actually 
construction of a segment x such that x3=2⋅a3 is 
equivalent with the construction of x (and y) such that  

a x y
x y 2 a
= =

⋅

. 



According to Eutocius, Menaechmus solved this 
problem using the intersection of two conic sections. 
So discovery of conic sections is ascribed to 
Menaechmus. 



 

Apollonius, gave a new definition for conic 
sections, using the, originated with 
Pythagoreans, theory of application of areas 
(paraboli horion), application of areas with 
exceeding (kath hyperbolin) or application of 
areas with falling short (kat ellipsin). 



Duplication of the cube 



This problem was reduced by Hippocrates to the 
problem of constructing two line segments in 
continued mean proportion between segments of 
length a and 2a. This means constructing two line 
segments of length x and y such that 

So it is sufficient to find two segments such that 
x2 = ay and y2 = (2a)⋅x, 

or such that 
x2 = ay and xy = 2a2. 

It is easy for us to recognize here the Cartesian equations of 
two parabolas referred to a diameter and the tangent at its 
extremity, and of a hyperbola referred to its asymptotes. 

a x y
x y 2 a
= =

⋅



In Analysis given are the two segments A and E, along with a 
given point D and the ray DH. What is sought is the two 
mean proportional, namely the segments B and C, which are 
also given in Analysis. Point Z, such that DZ = C, and point T 
such that TZ is perpendicular to DZ and ΖT = B are 
constructed 



Then  
A B
B C
=  ⇒ B2 = A⋅C ⇒ ZT2 = A⋅DZ, 

 
 
thus T lies on a parabola with vertex D (in modern notation, if 
DH and DK are axes, then the coordinates of T are x = DZ, y = 
DK = ZT and y2 = A⋅x). 



Point K, such that KT and DK are parallel to DZ and ZT respectively, is 
constructed. Then  
A C
B E
=  ⇒ KT⋅TZ = A⋅E. But A⋅E is given, thus T lies on a hyperbola with 

center D and asymptotes DZ and DK (in modern notation, if DH and 
DK are axes, then the coordinates of T are x = DZ, y = DK = ZT and x⋅y 
= A⋅E). 



So Menaechmus appears that he had not only 
recognized, but he had also discovered, the 
existence of conic sections. He discovered them in 
plane sections of right circular cones, and it would 
doubtless be the properties of the principal 
ordinates in relation to the abscissae on the axes 
which he would arrive at first.  



Application of Areas 
The problem of the application of Areas is described 
by Proclus in these words: 
“For, when you have a straight line set out, and lay 
the given area exactly alongside the whole of the 
straight line, they say that you apply the said area; 
when, however, you make the length of the area 
greater than the straight line, it is said to exceed, 
and, when you make it less, in which case after the 
area has been drawn there is some part of the 
straight line extending beyond it, it is said to fall 
short.” 



Euclid in Propositions 44 and 45 of the 1st 
Book of his Elements, presents the 
simpler cases: 
“To a given straight line to apply, in a given 
rectilinear angle, a parallelogram equal to a given 
triangle” 
and 

“To construct, in a given rectilinear angle, a 
parallelogram equal to a given rectilinear figure” 



In 6th Book Euclid presents more complex 
cases: 

“To a given straight line to apply a parallelogram 
equal to a given rectilinear figure and deficient by a 
parallelogrammic figure similar to a given one: thus 
the given rectilinear figure must not be greater than 
the parallelogram, described on the half of the 
straight line and similar to the defect.” 

“To a given straight line to apply a parallelogram 
equal to a given rectilinear figure and exceeding by a 
parallelogrammic figure similar to a given one.” 



In proposition I.44 Euclid, provided that if a straight 
AB, a triangle C and a rectilinear angle D are given, 
applies to AB, in an angle equal to the angle D, a 
parallelogram equal to the given triangle C. 



To do that he constructs first a parallelogram BEFG 
equal to the triangle C, in the angle EBG equal to D 
and placed so that BE is in straight line with AB. This 
construction is possible by proposition I.42. After that 
he draws FG through to H and AH through A parallel 
to either BG or EF and joins HB. 



If HB and FE are produced then they will meet at 
the point K, because: 

1. angles AHG and GFE are supplementary. 

3. therefore HB and FE, when produced they will 
meet. 

2. thus angles BHG and GFE are less than two right 
angles. 



Let KL be drawn parallel to EA and HA, GB be 
produced to the points L, M 
Then HLKF is parallelogram, HK is its diameter, AG 
and ME are parallelograms, and LB, BF are 
complements about HK. Therefore (according to 
proposition I.43) LB and BF are equal. 
But BF is equal to the triangle C, therefore LB is also 
equal to the triangle C, and angles ABM and D are 
equal, since they are both equal to the angle GBE. 



Apollonius and conic sections 





Apollonius expresses the properties of the three curves 
by means of a certain straight line PL drawn at right 
angles to PM in the plane of the section. In the case of 
the parabola, PL is taken such that 

2PL BC
PA BA AC

=
⋅



HV BC
PV CA

=

VK BC
PA BA

=

QV2 = PL⋅PV 

QV2 = HV⋅VK 

2QV
PV PA⋅

HV VK
PV PA

⋅
⋅

2BC
BA AC⋅

PL
PA

PL PV
PV PA

⋅
⋅

= = = = 



Accordingly in the case of parabola, the 
square of the ordinate (QV2) is equal to the 
rectangle applied to PL and with width equal 
to the abscissa (PV). 
This property is the equivalent of the 
Cartesian equation y2 = px. 



In the case of the ellipse we draw AF, parallel to PM to meet BC produced 
in F. In this case diameter PM is not parallel to AC, but meets the cone in 
P΄. We draw also PL at right angles to PM such that: 

2

PL BF FC
PP AF

⋅
=
′



QV2 = PV⋅VR 

Thus in the case of ellipse the rectangle applied to PL, which is equal to 
QV2, falls short (ellipi) by a rectangle similar and similarly situated to 
the rectangle contained by PL, PP΄. 
The property is the equivalent of the Cartesian equation y2 = px −    x2, 
where p is the parameter and d the corresponding diameter. 

p
d



In the same way the property of hyperbola is 
equivalent of the Cartesian equation: 
 

y2 = px +    x2 

 
and the rectangle applied to PL, which is equal to 
QV2 exceeds (hyperbalei) by a rectangle similar 
and similarly situated to the rectangle contained by 
PL, PP΄. 
 

p
d
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